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ABSTRACT

Young’s modulus and Poisson’s ratio are related to quanti-
tative reservoir properties such as porosity, rock strength, min-
eral and total organic carbon content, and they can be used to
infer preferential drilling locations or sweet spots. Convention-
ally, they are computed and estimated with a rock physics law
in terms of P-wave, S-wave impedances/velocities, and density
which may be directly inverted with prestack seismic data.
However, the density term imbedded in Young’s modulus is
difficult to estimate because it is less sensitive to seismic-
amplitude variations, and the indirect way can create more un-
certainty for the estimation of Young’s modulus and Poisson’s
ratio. This study combines the elastic impedance equation in
terms of Young’s modulus and Poisson’s ratio and elastic
impedance variation with incident angle inversion to produce

a stable and direct way to estimate the Young’s modulus and
Poisson’s ratio, with no need for density information from pre-
stack seismic data. We initially derive a novel elastic imped-
ance equation in terms of Young’s modulus and Poisson’s
ratio. And then, to enhance the estimation stability, we develop
the elastic impedance varying with incident angle inversion
with damping singular value decomposition (EVA-DSVD)
method to estimate the Young’s modulus and Poisson’s ratio.
This method is implemented in a two-step inversion: Elastic
impedance inversion and parameter estimation. The introduc-
tion of a model constraint and DSVD algorithm in parameter
estimation renders the EVA-DSVD inversion more stable.
Tests on synthetic data show that the Young’s modulus and
Poisson’s ratio are still estimated reasonable with moderate
noise. A test on a real data set shows that the estimated results
are in good agreement with the results of well interpretation.

INTRODUCTION

Rock brittleness plays an important role in evaluation of hy-
draulic fracturing for unconventional reservoirs. Young’s modulus
and Poisson’s ratio are related to quantitative reservoir properties
such as porosity, rock strength, mineral and total organic carbon
content, and they can be used for rock brittleness evaluation and
to infer preferential drilling locations or sweet spots (Harris et al.,
2011; Sena et al., 2011). With seismic data, Young’s modulus and
Poisson’s ratio are conventionally computed indirectly from P-
wave, S-wave impedances/velocities, and density which can be in-
verted from seismic data directly (Sena et al., 2011), as shown in
Goodway et al. (1997). However, it contains two challenges. On the
one hand, the density imbedded in the Young’s modulus is difficult
to invert. Downton (2005) points out that large angles of incidence
and large offsets are needed to determine density and the estimated

density reflectivity shows more bias than the P-impedance and
S-impedance reflectivities when noise exists, i.e., the estimated den-
sity is more contaminated by noise than the estimated P-impedance
reflectivity and S-impedance reflectivity, even with large incident
angles. On the other hand, the indirect way of parameters estimation
can create more uncertainty caused by the indirect calculation (Wang
et al., 2006; Zhang et al., 2009). As shown in Wang et al. (2006),
compared with the direct way to estimate the Lamé parameters from
prestack seismic data, the indirect way of Lamé parameters estima-
tion from the inverted P-wave and S-wave information causes much
more bias. In this paper, we will present a direct approach to estimate
Young’s modulus and Poisson’s ratio to avoid the uncertain density
and accumulated error from indirect calculation.

Elastic impedance (EI) inversion has been widely studied in lit-
erature. Connolly (1999) initially formulated the EI equation and
introduced the concept of EI in terms of P-wave, S-wave velocity,
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and density, where angle stacks for a range of incidence angles
of prestack seismic data are inverted based on this novel concept.
Cambois et al. (2000) implement the estimation of P-wave,
S-wave velocity and density from elastic impedances, and show
that elastic impedance inversion mainly contains two steps: first
to invert angle-limited stacks under the constraint of simulated
logs, and then to extract the desired elastic parameters. He also
shows that, compared with AVO inversion, the elastic impedance
inversion can avoid the attributes “leakage” caused by wavelets
in different offsets or incident angles. The robust wavelet strip-
ping in EI inversion and the ability of discriminating lithology
or even fluid with estimated elastic impedances in some angle
makes it widely used in industry (Whitcombe, 2002; Arsalan
and Yadav, 2009; Thompson et al., 2009). Whitcombe et al.
(2002) propose a normalized EI equation to deal with the dimen-
sionality problem.

The definition of elastic impedance has also been extended in
different media or parameterization. Duffaut et al. (2000) define
the shear elastic impedance and consider that the joint P-P and
P-S elastic impedance inversion may provide a more stable way
to estimate the ratio of P-wave velocity and S-wave velocity. Savic
et al. (2000) define the elastic impedance as the function of P-wave,
S-wave velocities and ray parameters to deal with the dimension-
ality problem. Martins (2002) defines the elastic in weak anisotropic
media, Ma and Morozov (2005, 2006) study the generalized and
Zoeppritz EI. Beside, using a different parameterization, Wang et al.
(2006) define the elastic impedance in terms of Lamé parameters,
and Zhang et al. (2009) define the elastic impedance in term of
fluid/pore term as discussed in Russell et al. (2003), and they show
that, comparing with indirect way, the direct extraction is much
more reasonable. Details about the development of elastic imped-
ance can also be found in Morozov (2010).

There are two main steps for parameters estimation with the elas-
tic impedance equation; elastic impedance inversion, and parame-
ters extraction from elastic impedances. The elastic impedances in
different incident angle range can be estimated reasonably with a
conventional poststack seismic inversion algorithm, such as con-
strained sparse spike inversion (CSSI) or model-based inversion al-
gorithm. However, the method to estimate the elastic parameters
from elastic impedances is still challenging. Cambois et al.
(2000) state that it is possible to estimate the elastic parameters from
elastic impedances with a linear fit algorithm. However, Mallick
et al. (2000, 2007) show that, in the presence of 2% random noise,
this method displays dramatic instability to extract three parameters
from synthetic data, which has also been confirmed by Lu et al.
(2004). On the basis of previous studies, our current study proposes
and implements the practical elastic impedance varying with inci-
dent angle inversion with a damped singular value decomposition
(EVA-DSVD) method, based on a novel elastic impedance equation
in terms of Young’s modulus and Poisson’s ratio. Two steps are
contained in the proposed method. We use the seismic inversion
algorithm in a Bayesian scheme to implement the elastic impedance
inversion (Zong et al., 2011), and the Young’s modulus and Pois-
son’s ratio are extracted from elastic impedances in a model con-
strained method with a damped singular value decomposition
algorithm in the inversion scheme. The proposed EVA-DSVD in-
version method renders the parameter estimation from elastic
impedances more stable. We will initially derive the novel elastic
impedance equation and give the form of its normalization, and then

discuss the EVA-DSVD method. We end with model and real data
case studies that illustrate the method.

ELASTIC IMPEDANCE PARAMETERIZATION
WITH YOUNG’S MODULUS AND
POISSON’S RATIO

Under the assumption that only small relative changes in elastic
parameters occur across the welded elastic interface, the linearized
P-wave reflection coefficient for an incident P-wave as a function of
angle can be approximated with different types of model parameter-
izations. Bortfeld initially gives the linearized P-wave reflection co-
efficient equation in terms of P-wave, S-wave velocities and density,
and this kind of parameterization has also been discussed in differ-
ent form (Aki and Richards, 1980). Fatti et al. (1994) study the lin-
earized P-wave reflection coefficient equation in terms of P-wave,
S-wave impedances, and density, which is considered to be more
stable in AVO inversion (Downton, 2005). Shuey (1985) studies
the approximate P-wave reflection coefficient equation in terms
of Poisson ratio, P-wave velocity, and density, and it shows great
potential in AVO analysis. However, the nonlinearity of this
approximation limits its application in AVO inversion. To discuss
the fluid factor estimation from prestack seismic data, Goodway
et al. (1997) discuss the linearized P-wave reflection coefficient
equation in terms of Lamé parameters and Russell et al. (2011) dis-
cuss the equation in term of pore/fluid factor. Beside, Zong et al.
(2012) present the linearized P-wave reflection coefficient equation
in terms of P-wave, S-wave moduli, and density as
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where a is average P-wave velocity of upper and lower medium, £ is
the average S-wave velocity of upper and lower medium, 0 is the
incident angle, AM /M is P-wave modulus reflectivity, Au/p is S-
wave modulus reflectivity, Ap/p is density reflectivity, and they can
be expressed as
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here M, M», uy, pir, p1,and p, are the related parameters in the me-
dia touching at the reflector.

The relationships among P-wave modulus reflectivity, S-wave
modulus reflectivity, Poisson’s ratio, Young’s modulus, and density
reflectivity are shown below:
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Equation 8 establishes the relationship among P-wave reflectivity
and Young’s modulus, Poisson’s ratio and density directly, and
it will be called the YPD equation.

Following the conception of elastic impedance of Connolly
(1999), the reflectivity can also be defined as

1AEI 1
= -——=_A In(EI), (12)
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where EI is the elastic impedance. Substituting equation 12 into
equation 11, yields
AE A A
A In(EI) = a(9)?+b(9)—6+c(9)—p. (13)
o P

After some algebraic operation, equation 13 yields
EI(0) = E*0)5b(0) pe(0), (14)

Following the normalization method proposed by Whitecombe,
equation 14 can be normalized to deal with the dimensional prob-

lem as
E\©) [ 6\ b0 [ p\c®
EI(0) = Ay| — — — R 15
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where A, Ey, 0¢, and py is the statistic average of elastic imped-
ance, Young’s modulus, Poisson’s ratio, and density, respectively.
They can be estimated from well log curves. This equation is the

elastic impedance equation in terms of Young’s modulus, Poisson’s
ratio, and density.

To test the accuracy of the novel elastic impedance equation 14,
we substitute equation 14 or 15 into equation 12 to estimate the
reflection coefficients (named as YPD-EI in Figure 1) of a three-
layer model modified from Goodway et al. (1997). The P-wave
velocities, S-wave velocities, and densities of the model in the upper
media are displayed in Table 1. This model contains two kinds of
reflectors: the first two layers with negative impedance reflector (the
impedance in upper medium is larger than that in lower medium)
and the last two layers with positive impedance reflector (the imped-
ance in upper medium is smaller than that in lower medium). We
compare YPD-EI with the reflection coefficients estimated from ex-
act Zoeppritz equation, Aki-Richard approximate equation (Aki in
Figure 1) and equation 8 (YPD in Figure 1), respectively. Figure 1a
displays the reflection coefficients with the exact Zoeppritz
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Figure 1. Comparison of exact Zoeppritz equation, Aki-Richard
approximate equation, YPD equation, and YPD-EI of the negative
reflector. (a) Reflection coefficients with exact Zoeppritz equation,
Aki-Richard approximate equation, YPD equation, and YPD-EI (b)
Difference of reflection coefficients from the exact Zoeppritz equa-
tion and Aki-Richard approximate equation, YPD equation, and
YPD-EL
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equation, Aki-Richard approximate equation, YPD, and YPD-EI of
negative impedance reflector, Figure 1b displays the difference of
reflection coefficients of approximate equations from the exact
Zoeppritz equation of negative impedance reflector. Figure 2a
and 2b display the related reflection coefficients and reflection co-
efficients difference of positive reflector. Note from Figures 1 and 2
that the reflection coefficient combining equations 14 and 12 (YPD-
El) is close to the modeling result from Aki-Richard approximate
equation and the exact Zoeppritz equation until the incident angle
reaches 50°.

ELASTIC IMPEDANCE INVERSION FOR YOUNG’S
MODULUS AND POISSON’S RATIO

There are two steps for Young’s modulus and Poisson’s ratio es-
timation with the proposed elastic impedance equation 15: elastic
impedance inversion and Young’s modulus and Poisson’s ratio ex-
traction from elastic impedances.

Elastic impedance inversion is generally implemented combining
angle-stack seismic data with the corresponding wavelet. The inver-
sion algorithm is the same as that in poststack seismic inversion. In
this paper, we use the elastic impedance inversion in Bayesian
scheme proposed by Zong et al. (2011) to estimate the elastic
impedances in the angle domain for selected angles. This method
uses a Cauchy probability distribution as the prior probability dis-
tribution, which will lead to a high-resolution result (Sacchi and
Ulrych, 1995; Alemie and Sacchi, 2011). We will initially introduce
the elastic Bayesian inversion briefly.

Gaussian and Cauchy probability distributions are used for the
likelihood function p(djm) and the elastic impedance reflection
coefficient m. The post probability distribution p(m|d) can be ex-
pressed as

p(mld) “ﬁ[;] exp {_ (Gm —d)"(Gm-d)}

1 +m?/o2, 202

(16)

where d is the angle-stack seismic data as data vector, o2 is noise
covariance, G is wavelet matrix, T is the transpose of matrix, and o2
is covariance of model vector m. Maximizing equation 16, and com-
bining the model constraint (Zong et al., 2011), the target function
F(m) becomes

F(m) = Fg(m) + Fc(m) + F(m). (17)

Three parts are included in equation 17: F;(m) represents the dif-
ference between modeling and observed data, resulting from like-

Table 1. Model for gas-bearing sand and shale modified
from Goodway (1997).

Parameters Vo(m/s) V(m/s) p(g/em?) o V[V
Shale 2898 1290 2.425 0.38 225
Gas-bearing sand 2857 1666 2275 024 171
Shale 2898 1290 2.425 0.38 225

lihood; F(m) represents the prior Cauchy distribution constraints;
and Fz(m) represents the model constraint. Combining with the
optimization solution from equation 17, the elastic impedance is
equated to a time integration followed by an exponentiation.

Young’s modulus and Poisson’s ratio extraction from elastic
impedances is implemented in an inversion scheme named elastic
impedance varying with incident angle with damped singular value
decomposition (EVA-DSVD).

Taking the logarithm on both sides of equation 15 and after some
algebraic operation, the result is
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Figure 2. Comparison of exact Zoeppritz equation, Aki-Richard
approximate equation, YPD equation, and YPD-EI of the positive
reflector. (a) Reflection coefficients with exact Zoeppritz equation,
Aki-Richard approximate equation, YPD equation, and YPD-EI (b)
Difference of reflection coefficients from the exact Zoeppritz equa-
tion and Aki-Richard approximate equation, YPD equation, and
YPD-EL
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If the number of angles is M, and a trace contains N samples,
substituting equation 19-22 into equation 18, yields
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Equation 23 can be written as
D =GR’ 27

To enhance the resolution in solving equation 27, the Cauchy
constraint can be utilized for equation 27 as

M
FR') = (D-G'R)"(D-G'R')+2) In(l +RP).
i=1

(28)

Minimizing the target function 28 and combining with the model
constraint yields

¥ = Kb, (29)
where

¥ = G'™D + Ping + Pln, + Pl (30)

K=G"G' +1.Q + AzPLP; + 1, PIP, + 2 PIP,, (31)

pLptps

® =R/, (32)
ni = 1/2*ln(Li/Li0)i,i:E,6,p, (33)
and 4;,i = E, o, p is the constraint coefficients of Young’s modulus,

Poisson’s ratio and density.

To enhance the stability in solving equation 29, the damped sin-
gular value decomposition algorithm is introduced. The generalized
inverse of K is

K;' = VA(A%, + 821)_]UT, (34)
and then, the estimation for @ is

D=t = VA(AZ + 1)~ U, (35)

With the estimated ®°*, combining with equation 20-22, we can
estimate the Young’s modulus, Poisson’s ratio, and density.

EXAMPLES
Synthetic test

We test the EVA-DSVD inversion method on a synthetic earth
profile from real well logs. Figure 3 shows original (in blue), initial
(in green), and inverted (in red) Young’s modulus, Poisson ratio,
and density of well A with different signal-to-noise ratio (S/N).
S/N is the ratio between the root mean square amplitude of the sig-
nal and the root mean square amplitude of the noise, with the noise
normally distributed. The initial models are obtained by smoothing
the original models. We perform the inversion with equation 15.
From Figure 3a, we see that all the parameters can be inverted well
when there is no noise in the synthetic data and with rather smooth
initial Young’s modulus, Poisson ratio, and density. To test the
stability of the inversion method, we add random Gaussian noise to
the synthetic traces, with different S/N, and the S/Nis 5:1and 2:1,
respectively. It is easy to demonstrate that the Young’s modulus can
be estimated well even in the case with an S/N of 2: 1, and the Pois-
son ratio and density can also be estimated reasonably, however, the
density shows more bias from the true value.

Real data example

Real data is used to validate the application of the proposed EVA-
DSVD prestack seismic inversion method. True-amplitude process-
ing has been implemented before inversion of the real data. The
seismic data was processed by a contractor and the processing se-
quence was defined to ensure that the final prestack amplitudes
should image the reflection strength of the subsurface interfaces
as correctly as possible. We assume that wave mode conversions,
interbed multiples, and anisotropy effects can be neglected after
processing. Three partial angle-stack seismic profiles are shown
in Figure 4. The maximum incident angle is around 35°. The target
reservoir is circled as a black ellipse as shown in each profile,
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Figure 3. Model inversion result with different noise (red means
inversion result, blue means original model, green means initial
model). (a) No noise, (b) S/N =35, (c) S/N =2.

respectively, and the black line in Figure 4a sketches the bore path
of the known well. The estimated elastic impedances of each angle
using elastic Bayesian inversion as discussed in this paper are dis-
played in Figure 5. From Figure 5, we can see that the elastic imped-
ances at each angle all show an anomalously high value in the target
reservoir. Furthermore, we implement the proposed EVA-DSVD
method with the estimated elastic impedances. The inverted results
of Young’s modulus, Poisson ratio, and density with smooth initial
models are displayed in Figures 68, respectively. Figure 9 shows
the comparison of well curves in time domain and inverted result at
well location (CDP 37) for Young’s modulus and Poisson ratio.
From the inverted results, and we can see that the Young’s modulus
shows anomalously high value and Poisson ratio shows anoma-
lously low value in the target reservoir at 1300 ms. This result is
consistent with the drilling and rock physics analysis result.
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Figure 4. Angle-stack seismic profiles with different angle range
(a) 10° (5°-15°), (b) 20° (15°-25°), and (c) 30° (25°-35°).
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Figure 5. Elastic Bayesian inversion result with different angle
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result at well location.
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CONCLUSIONS

We used the relationship among Young’s modulus, Poisson ratio,
P-wave and S-wave velocities, and density to reformulate the elastic
equations in terms of Young’s modulus, Poisson ratio, and density.
With this formulation, the Young’s modulus and Poisson ratio can
be inverted directly without explicitly using the inverted density in
the calculation of Young’s modulus. The density is difficult to in-
vert. Large angles of incidence and large offsets are needed to de-
termine density through AVO inversion. The estimated density is
more contaminated by noise than the estimated P-impedance reflec-
tivity and S-impedance reflectivity. Our formulation of the elastic
impedance equation estimated Young’s modulus without explicitly
using the inverted density, and we suggest that this formulation
might minimize the effect of noise in the estimation of Young’s
modulus and Poisson ratio. Furthermore, to enhance the stability
of estimating Young’s modulus, Poisson ratio, and density from
elastic impedances, we present a stable EVA-DSVD inversion ap-
proach with the novel elastic impedance equation in terms of
Young’s modulus, Poisson ratio, and density. The model and field
test serve to confirm the validity of the proposed method.
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