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Abstract The classic differential effective medium (DEM) theory can be used to determine the
elastic properties of the porous medium, but the final elastic properties of multiple-porosity rock
depend on the added order of the different pore-type inclusions due to the lack of DEM equations
for multiple-porosity rock. This paper first derives the differential equations of both Zimmermann's and
Norris's versions for multiple-porosity rock from the Kuster-Toksoz theory. The elastic moduli
predicted by the DEM equations of Norris's version never violate Hashin-Shtrikman bounds while

those predicted by the DEM equations of Zimmermann's version violate bounds in some cases.
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Then, we derive analytical solutions of the bulk and shear moduli for dry rock from the
differential equations of Norris's version by applying an analytical approximation for dry-rock
modulus ratio, in order to decouple these equations. The validity of these analytical approximations is
tested by integrating the full DEM equation numerically. The analytical formulae give good
estimates of the numerical results over the whole porosity range. The analytical formulae have
been used to predict the elastic moduli for the sandstone experimental data by assuming that the
porous rock contains dualporosity of both cracks and pores. The results show that they can
accurately predict the variations of elastic moduli with porosity for dry sandstones. We also apply
nonlinear global optimization algorithm to find the best estimate for the pore volume percentage of
both cracks and pores by minimizing the error between theoretical predictions and experimental
measurements based on the dual-porosity DEM analytical model. The inversions for the sandstone
experimental data show that there is no direct correlation between the crack volume percentage
and clay volume.

Keywords Differential effective medium theory; Multiple-porosity type; Elastic moduli; Dry

rock; Mathematical formula; Sandstone

, DEM
( )
( . . ) , (Norris, 1985).
Xu  White(1995)  Kuster-Toksoz

(Sayers, 2008 ; Baechle et al. ,2008), , QN

— Xu-White ,

Kuster-Tokso6z ,
Kuster-Toksoz , . Keys
.Kuster Toks6z(1974) (2002) Xu-White y

b A

Kuster-Tokso6z

Xu

, Xu  Payne(2009) Xu-White
1. Kuster-Toks6z , Xu-Payne ,
Hashin-Shtrikman Xu-White
(Berryman, 1980). DEM ,
(DEM) )
, Zimmerman(1991) DEM
(Berryman, . Berryman  (2002)

1980; Norris, 1985; Zimmerman, 1985 ; Berryman et DEM
al. ,2002). Kuster-Toksoz ,DEM .Li  Zhang(2010,2012)

Hashin-Shtrikman (Berryman, 1980; y

Berryman and Berge,1996; Berryman et al. ,2002). ,

b b



3424 (Chinese J. Geophys. ) 57

, Li

Zhang(2011) DEM

DEM

(Li et al. ,2013).

,  Kuster-Toksoz

R Kuster-Tokséz

DEM

b

(Han et al. ,1986),
2 Kuster-Toksoz

Toksoz(1974)
N

Kuster

3K™* (y) +4G™ (y)

Kuster-Tokséz Ky Gir:

N
3Kn 4G, _ ¢Zv,(K; — K. P,
i=1

(Kip — K, 2om
. 3K + 4G, :

(la)

. N
(Gl — Gy Son T 4NN (6 — GQ
1

3Gyr + 46, =
(1b)
s K. Gy
, Ui i ¢
A<i<N).K, G, i
. P Q™ )
m 7

G, K, + 8G,)
8(K,. +2G.) ’

Kuster-Tokso6z

b g!l\ ==

(Xu and
White,1995; Keys and Xu,2002),

(Norris, 1985;

[K* (y+dy) — K~ (]

3K* (y+dy) +4G* (y)
3G™ (y) +4&*° (y)

[G* (y+dy) —G* (y)jg(\

3K* (y) +4G* (y) ~
3K* (y+dy) +4G* ()

3G* (y) +4€* (y) ~1
3G (y+dy) 446" () )

dy) —K* (),dG* (y) = G* (y+dy) —G" (y),

dy <1, @

1, dK* (y) = K" (y+

dK* (y) < -
A ,E:] v [Ki = K" (y»)P™,  (Ba)
dG* (v) _ N .

5 I;}U,EG, G* (»7Q*.  (3b)

(3) Kuster-Toksoz
Zimmerman(1984)

b

(y+dy) +46" ()

Mavko et al. ,1998; Berryman et al. ,2002). ,
y dy
, (D K. G
K*(y)  G"(.Kg Gy
K*(y+dy) G*"(y+dy).P™ Q™ P
Q™ i
, (D
N
=dy > oK, — K" (y»P*, (2a)
i=1
N
= dy D ju G —G* (» Q. (2b)
i=1

(Mavko et al. ,1998), (3)

Zimmermann DEM Norris
(1985)

, 1—v v (Norris,
1985;Mavko et al. ,1998), (3) dy
dy/(1—y) (Mavko et al. ,1998), (3

% N
(1= L = S0 K, — K™ ()P G
i=1
dG* (v) _ ~ .
e ;jv,.[(,,.—(, () ]Q™. (4b)
Norris
’ N=1 ’ DEM



10

3425

(Norris, 1985; Mavko et al. , 1998; Li and Zhang,

K*(0) = K, G*(0) = G,
y=20 y=¢
(4a) (4b)
, DEM
3
K,.=44 GPa G, =37 GPa.
D) a
1.0,0.5 0.01,
98.99%,1% 0.01%, Kuster-Tokséz
1 (Kuster and Toks6z,1974).
Ay=0.01.
1 DEM
(a) 5 (b)

K,=14 GPa G;,=

10 GPa, .1
DEM , (3
s, (D )
Kuster-Toksoz ,
, Hashin-Shtrikman
(Mavko et al. ,1998), la,1b
le, 1d
Kuster-Toksoz Hashin-
Shtrikman s (3)
Kuster-Toksoz ,
, (3D Kuster-Toksoz
, Hashin-Shtrikman ,
(€D
. )
Hashin-Shtrikman . 3
Hashin-
Kuster-Tokséz
Ne) e

Fig. 1 Comparison of the numerical solutions of the DEM equations and Kuster-Toksoz estimates for porous rock

The bulk (a) and shear (b) moduli for solid inclusions. The bulk (¢) and shear (d) moduli for dry-inclusions.
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Fig. 2 Comparison of the numerical and analytical solutions of dry-rock bulk (a) and

shear (b) moduli for dual-porosity rock with different pore volume percentages

(a) 3 (b) 3 (o)
; ()
Fig. 3 Result analysis of the experimental sandstone data measured by Han (1986) and
theoretical estimations of the DEM analytical formulae for dual-porosity rock
(a) P wave versus porosity for experimental data; (b) Bulk modulus versus porosity for 10 samples of clean sandstone and the theoretical
predictions; (¢) The estimated compliant pore volume percentage versus clay volume; (d) Comparison of S wave between the experimental

result and the theoretical calculation from the estimated pore volume percentage.
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